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Abstract
This short review deals with a multidimensional gravitational model
containing dilatonic scalar fields and antisymmetric forms. The manifold
is chosen in the product form. The sigma-model approach and exact
solutions are reviewed.
1 Introduction
In these lectures we consider several classes of the exact solutions for the mul-
tidimensional gravitational model governed by the action
Sact =
1
2κ2
∫
M
dDz
√
|g|{R[g]− 2Λ− hαβgMN∂Mϕα∂Nϕβ (1.1)
−
∑
a∈∆
θa
na!
exp[2λa(ϕ)](F
a)2g}+ SGH ,
where g = gMNdz
M ⊗ dzN is the metric on the manifold M , dimM = D,
ϕ = (ϕα) ∈ Rl is a vector from dilatonic scalar fields, (hαβ) is a non-degenerate
symmetric l × l matrix (l ∈ N), θa 6= 0,
F a = dAa =
1
na!
F aM1...Mnadz
M1 ∧ . . . ∧ dzMna
is a na-form (na ≥ 2) on a D-dimensional manifold M , Λ is a cosmological
constant and λa is a 1-form onR
l : λa(ϕ) = λaαϕ
α, a ∈ ∆, α = 1, . . . , l. In (1.1)
we denote |g| = | det(gMN )|, (F a)2g = F aM1...MnaF aN1...NnagM1N1 . . . gMnaNna ,
a ∈ ∆, where ∆ is some finite set, and SGH is the standard (Gibbons-Hawking)
boundary term. In the models with one time all θa = 1 when the signature of
the metric is (−1,+1, . . . ,+1).
For certain field contents with distinguished values of total dimension D,
ranks na, dilatonic couplings λa and Λ = 0 such Lagrangians appear as “trun-
cated” bosonic sectors (i.e. without Chern-Simons terms) of certain super-
gravitational theories or low-energy limit of superstring models (see [1, 2] and
references therein).
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2 The model
2.1 Ansatz for composite p-branes
Let us consider the manifold
M =M0 ×M1 × . . .×Mn, (2.1)
with the metric
g = e2γ(x)gˆ0 +
n∑
i=1
e2φ
i(x)gˆi, (2.2)
where g0 = g0µν(x)dx
µ ⊗ dxν is an arbitrary metric with any signature on the
manifold M0 and g
i = gimini(yi)dy
mi
i ⊗ dynii is a metric on Mi satisfying the
equation
Rmini [g
i] = ξig
i
mini , (2.3)
mi, ni = 1, . . . , di; ξi = const, i = 1, . . . , n. Here gˆ
i = p∗i g
i is the pullback of
the metric gi to the manifold M by the canonical projection: pi : M → Mi,
i = 0, . . . , n. Thus, (Mi, g
i) are Einstein spaces, i = 1, . . . , n. The functions
γ, φi : M0 → R are smooth. We denote dν = dimMν ; ν = 0, . . . , n; D =∑n
ν=0 dν . We put any manifold Mν , ν = 0, . . . , n, to be oriented and connected.
Then the volume di-form
τi ≡
√
|gi(yi)| dy1i ∧ . . . ∧ dydii , (2.4)
and signature parameter
ε(i) ≡ sign(det(gimini)) = ±1 (2.5)
are correctly defined for all i = 1, . . . , n.
Let Ω = Ω(n) be a set of all non-empty subsets of {1, . . . , n}. The number
of elements in Ω is |Ω| = 2n− 1. For any I = {i1, . . . , ik} ∈ Ω, i1 < . . . < ik, we
denote
τ(I) ≡ τˆi1 ∧ . . . ∧ τˆik , (2.6)
ε(I) ≡ ε(i1) . . . ε(ik), (2.7)
d(I) ≡
∑
i∈I
di. (2.8)
Here τˆi = p
∗
i τˆi is the pullback of the form τi to the manifoldM by the canonical
projection: pi : M → Mi, i = 1, . . . , n. We also put τ(∅) = ε(∅) = 1 and
d(∅) = 0.
For fields of forms we consider the following composite electromagnetic ansatz
F a =
∑
I∈Ωa,e
F (a,e,I) +
∑
J∈Ωa,m
F (a,m,J) (2.9)
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where
F (a,e,I) = dΦ(a,e,I) ∧ τ(I), (2.10)
F (a,m,J) = e−2λa(ϕ) ∗ (dΦ(a,m,J) ∧ τ(J)) (2.11)
are elementary forms of electric and magnetic types respectively, a ∈ ∆, I ∈
Ωa,e, J ∈ Ωa,m and Ωa,v ⊂ Ω, v = e,m. In (2.11) ∗ = ∗[g] is the Hodge operator
on (M, g). For scalar functions we put
ϕα = ϕα(x), Φs = Φs(x), (2.12)
s ∈ S. Thus ϕα and Φs are functions on M0.
Here and below
S = Se ⊔ Sm, Sv = ⊔a∈∆{a} × {v} × Ωa,v, (2.13)
v = e,m. Here and in what follows ⊔ means the union of non-intersecting sets.
The set S consists of elements s = (as, vs, Is), where as ∈ ∆ is colour index,
vs = e,m is electro-magnetic index and set Is ∈ Ωas,vs describes the location of
brane.
Due to (2.10) and (2.11)
d(I) = na − 1, d(J) = D − na − 1, (2.14)
for I ∈ Ωa,e and J ∈ Ωa,m (i.e. in electric and magnetic case, respectively). The
sum of worldvolume dimensions for electric and magnetic branes corresponding
to the same form is equal to D − 2, it does not depend upon the rank of the
form.
2.2 The sigma model
Let d0 6= 2 and
γ = γ0(φ) ≡ 1
2− d0
n∑
j=1
djφ
j , (2.15)
i.e. the generalized harmonic gauge (frame) is used. As we shall see below the
equations of motions have a rather simple form in this gauge.
2.2.1 Restrictions on p-brane configurations.
Here we present two restrictions on the sets of p-branes that guarantee the
block-diagonal form of the energy-momentum tensor and the existence of the
sigma-model representation (without additional constraints) [7] (see also [6]).
Restriction 1 reads
(R1) d(I ∩ J) ≤ d(I)− 2, (2.16)
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for any I, J ∈ Ωa,v, a ∈ ∆, v = e,m (here d(I) = d(J)).
Restriction 2 has the following form
(R2) d(I ∩ J) 6= 0 for d0 = 1, d(I ∩ J) 6= 1 for d0 = 3 (2.17)
(see (2.14)).
2.2.2 Sigma-model action for harmonic gauge
It was proved in [7] that equations of motion for the model (1.1) and the Bianchi
identities: dFs = 0, s ∈ Sm, for fields from (2.2), (2.9)–(2.12), when Restrictions
1 and 2 are imposed, are equivalent to equations of motion for the σ-model
governed by the action
Sσ0 =
1
2κ20
∫
dd0x
√
|g0|
{
R[g0]− GˆABg0µν∂µσA∂νσB (2.18)
−
∑
s∈S
εs exp (−2UsAσA)g0µν∂µΦs∂νΦs − 2V
}
,
where (σA) = (φi, ϕα), k0 6= 0, the index set S is defined in (2.13),
V = V (φ) = Λe2γ0(φ) − 1
2
n∑
i=1
ξidie
−2φi+2γ0(φ) (2.19)
is the potential,
(GˆAB) =
(
Gij 0
0 hαβ
)
, (2.20)
is the target space metric with
Gij = diδij +
didj
d0 − 2 , (2.21)
and co-vectors
UsA = U
s
Aσ
A =
∑
i∈Is
diφ
i − χsλas(ϕ), (UsA) = (diδiIs ,−χsλasα), (2.22)
s = (as, vs, Is). Here χe = +1 and χm = −1;
δiI =
∑
j∈I
δij (2.23)
is an indicator of i belonging to I: δiI = 1 for i ∈ I and δiI = 0 otherwise; and
εs = (−ε[g])(1−χs)/2ε(Is)θas , (2.24)
s ∈ S, ε[g] ≡ signdet(gMN ). More explicitly (2.24) reads
εs = ε(Is)θas for vs = e; εs = −ε[g]ε(Is)θas , for vs = m. (2.25)
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For finite internal space volumes Vi (e.g. compact Mi) and electric p-branes
the action (2.18) coincides with the action (1.1) when κ2 = κ20
∏n
i=1 Vi.
Sigma-model with constraints. In [7] a general proposition concerning
the sigma-model representation when the Restrictions 1 and 2 are removed is
presented. In this case the stress-energy tensor is not identically block-diagonal
and several additional constraints on the field configurations appear [7].
We note that the symmetries of target space metric were studied in [17].
Sigma-model approach for models with non-diagonal metrics was suggested in
[15].
3 Solutions governed by harmonic functions
3.1 Solutions with block-orthogonal Us
Here we consider a special class of solutions to equations of motion governed by
several harmonic functions when all factor spaces are Ricci-flat and cosmological
constant is zero, i.e. ξi = Λ = 0, (i = 1, . . . , n) [13, 16]. In certain situations
these solutions describe extremal p-brane black holes charged by fields of forms.
The solutions crucially depend upon scalar products of Us-vectors (Us, Us
′
);
s, s′ ∈ S, where
(U,U ′) = GˆABUAU
′
B, (3.1)
for U = (UA), U
′ = (U ′A) ∈ RN , N = n+ l and
(GˆAB) =
(
Gij 0
0 hαβ
)
(3.2)
is matrix inverse to the matrix (2.20). Here (as in [29])
Gij =
δij
di
+
1
2−D, (3.3)
i, j = 1, . . . , n.
The scalar products (3.1) for vectors Us were calculated in [7]
(Us, Us
′
) = d(Is ∩ Is′) + d(Is)d(Is′ )
2−D + χsχs′λasαλas′βh
αβ , (3.4)
where (hαβ) = (hαβ)
−1; and s = (as, vs, Is), s
′ = (as′ , vs′ , Is′) belong to S. This
relation is a very important one since it encodes p-brane data (e.g. intersections)
in scalar products of U -vectors.
Let
S = S1 ⊔ . . . ⊔ Sk, (3.5)
Si 6= ∅, i = 1, . . . , k, and
(Us, Us
′
) = 0 (3.6)
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for all s ∈ Si, s′ ∈ Sj , i 6= j; i, j = 1, . . . , k. Relation (3.5) means that the set S
is a union of k non-intersecting (non-empty) subsets S1, . . . , Sk.
Here we consider exact solutions in the model (1.1), when vectors (Us, s ∈ S)
obey the block-orthogonal decomposition (3.5), (3.6) with scalar products de-
fined in (3.4) [13]. These solutions may be obtained from the following propo-
sition.
Proposition [13]. Let (M0, g
0) be Ricci-flat: Rµν [g
0] = 0. Then the field
configuration
g0, σA =
∑
s∈S
εsU
sAν2s lnHs, Φ
s =
νs
Hs
, (3.7)
s ∈ S, satisfies to field equations corresponding to action (2.18) with V = 0 if
(real) numbers νs obey the relations∑
s′∈S
(Us, Us
′
)εs′ν
2
s′ = −1 (3.8)
s ∈ S, functions Hs > 0 are harmonic, i.e. ∆[g0]Hs = 0, s ∈ S, and Hs are
coinciding inside blocks: Hs = Hs′ for s, s
′ ∈ Si, i = 1, . . . , k.
Using the sigma-model solution from Proposition and relations for con-
travariant components [7]:
Usi = δiIs −
d(Is)
D − 2 , U
sα = −χsλαas , (3.9)
s = (as, vs, Is), we get [13]:
g =
(∏
s∈S
H
2d(Is)εsν
2
s
s
)1/(2−D){
gˆ0 +
n∑
i=1
(∏
s∈S
H
2εsν
2
s δiIs
s
)
gˆi
}
, (3.10)
ϕα = −
∑
s∈S
λαasχsεsν
2
s lnHs, (3.11)
F a =
∑
s∈S
Fsδaas , (3.12)
where i = 1, . . . , n, α = 1, . . . , l, a ∈ ∆ and
Fs = νsdH−1s ∧ τ(Is) for vs = e, (3.13)
Fs = νs(∗0dHs) ∧ τ(I¯s) for vs = m, (3.14)
Hs are harmonic functions on (M0, g
0) coinciding inside blocks (i.e. Hs = Hs′
for s, s′ ∈ Si, i = 1, . . . , k) and relations (3.8) on parameters νs are imposed.
Here the matrix ((Us, Us
′
)) and parameters εs, s ∈ S, are defined in (3.4) and
(2.24), respectively; λαa = h
αβλβa, ∗0 = ∗[g0] is the Hodge operator on (M0, g0)
and I¯ is defined as follows
I¯ ≡ I0 \ I, I0 = {1, . . . , n}. (3.15)
In (3.14) we redefined the sign of νs-parameter compared to (2.11).
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3.1.1 Solutions with orthogonal Us
Let us consider the orthogonal case [7]
(Us, Us
′
) = 0, s 6= s′, (3.16)
s, s′ ∈ S. Then relation (3.8) reads as follows
(Us, Us)εsν
2
s = −1, (3.17)
s ∈ S. This implies (Us, Us) 6= 0 and
εs(U
s, Us) < 0, (3.18)
for all s ∈ S. For d(Is) < D − 2 and λasαλasβhαβ ≥ 0 we get from (3.4)
(Us, Us) > 0, and, hence, εs < 0, s ∈ S. If θa > 0 for all a ∈ ∆, then
ε(Is) = −1 for vs = e; ε(Is) = ε[g] for vs = m. (3.19)
For pseudo-Euclidean metric g all ε(Is) = −1 and, hence, all p-branes should
contain time manifold. For the metric g with the Euclidean signature only
magnetic p-branes can exist in this case.
From scalar products (3.4) and the orthogonality condition (3.16) we get the
”orthogonal” intersection rules [6, 7]
d(Is ∩ Is′ ) = d(Is)d(Is′ )
D − 2 − χsχs′λasαλas′βh
αβ ≡ ∆(s, s′), (3.20)
for s = (as, vs, Is) 6= s′ = (as′ , vs′ , Is′). (For pure electric case see also [4, 5].)
Certain supersymmetric solutions in D = 11 supergravity defined on product
of Ricci-flat spaces were considered in [18].
3.2 General Toda-type solutions with one harmonic func-
tion
It is well known that geodesics of the target space equipped with some har-
monic function on a three-dimensional space generate a solution to the σ-model
equations [27, 28]. Here we apply this null-geodesic method to our sigma-model
and obtain a new class of solutions in multidimensional gravity with p-branes
governed by one harmonic function H .
3.2.1 Toda-like Lagrangian
Action (2.18) may be also written in the form
Sσ0 =
1
2κ20
∫
dd0x
√
|g0|{R[g0]− GAˆBˆ(X)g0µν∂µXAˆ∂νXBˆ − 2V } (3.21)
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whereX = (XAˆ) = (φi, ϕα,Φs) ∈ RN , and minisupermetric G = GAˆBˆ(X)dXAˆ⊗
dXBˆ on minisuperspaceM = RN , N = n+l+|S| (|S| is the number of elements
in S) is defined by the relation
(GAˆBˆ(X)) =


Gij 0 0
0 hαβ 0
0 0 εs exp(−2Us(σ))δss′

 . (3.22)
Here we consider exact solutions to field equations corresponding to the
action (3.21)
Rµν [g
0] = GAˆBˆ(X)∂µXAˆ∂νXBˆ +
2V
d0 − 2g
0
µν ,(3.23)
1√|g0|∂µ[
√
|g0|GCˆBˆ(X)g0µν∂νXBˆ]−
1
2
GAˆBˆ,Cˆ(X)g0,µν∂µXAˆ∂νXBˆ = V,Cˆ ,(3.24)
s ∈ S. Here V,Cˆ = ∂V/∂X Cˆ.
We put
XAˆ(x) = F Aˆ(H(x)), (3.25)
where F : (u−, u+) → RN is a smooth function, H : M0 → R is a harmonic
function on M0 (i.e. ∆[g
0]H = 0), satisfying u− < H(x) < u+ for all x ∈ M0.
Let all factor spaces are Ricci-flat and cosmological constant is zero, i.e. relation
ξi = Λ = 0 is satisfied. In this case the potential is zero : V = 0. It may
be verified that the field equations (3.23) and (3.24) are satisfied identically if
F = F (u) obey the Lagrange equations for the Lagrangian
L =
1
2
GAˆBˆ(F )F˙ AˆF˙ Bˆ (3.26)
with the zero-energy constraint
E =
1
2
GAˆBˆ(F )F˙ AˆF˙ Bˆ = 0. (3.27)
This means that F : (u−, u+)→ RN is a null-geodesic map for the minisuperme-
tric G. Thus, we are led to the Lagrange system (3.26) with the minisupermetric
G defined in (3.22).
The problem of integrability will be simplified if we integrate the Lagrange
equations corresponding to Φs:
d
du
(
exp(−2Us(σ))Φ˙s
)
= 0⇐⇒ Φ˙s = Qs exp(2Us(σ)), (3.28)
where Qs are constants, s ∈ S. Here (F Aˆ) = (σA,Φs). We put Qs 6= 0 for all
s ∈ S.
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For fixed Q = (Qs, s ∈ S) the Lagrange equations for the Lagrangian (3.26)
corresponding to (σA) = (φi, ϕα), when equations (3.28) are substituted, are
equivalent to the Lagrange equations for the Lagrangian
LQ =
1
2
GˆABσ˙
Aσ˙B − VQ, (3.29)
where
VQ =
1
2
∑
s∈S
εsQ
2
s exp[2U
s(σ)], (3.30)
the matrix (GˆAB) is defined in (2.20). The zero-energy constraint (3.27) reads
EQ =
1
2
GˆABσ˙
Aσ˙B + VQ = 0. (3.31)
3.2.2 Toda-type solutions
Here we are interested in exact solutions for a case when Ks = (U
s, Us) 6= 0,
for all s ∈ S, and the quasi-Cartan matrix
Ass′ ≡ 2(U
s, Us
′
)
(Us′ , Us′)
, (3.32)
is a non-degenerate one. Here some ordering in S is assumed.
It follows from the non-degeneracy of the matrix (3.32) that the vectors
Us, s ∈ S, are linearly independent and, hence, |S| ≤ n+ l.
The exact solutions were obtained in [22]:
g =
(∏
s∈S
f2d(Is)hs/(D−2)s
){
exp(2c0H + 2c¯0)gˆ0 (3.33)
+
n∑
i=1
(∏
s∈S
f
−2hsδiIs
s
)
exp(2ciH + 2c¯i)gˆi
}
,
exp(ϕα) =
(∏
s∈S
f
hsχsλ
α
as
s
)
exp(cαH + c¯α), (3.34)
α = 1, . . . , l and F a =
∑
s∈S Fsδaas with
Fs = Qs
(∏
s′∈S
f
−Ass′
s′
)
dH ∧ τ(Is), s ∈ Se, (3.35)
Fs = Qs(∗0dH) ∧ τ(I¯s), s ∈ Sm, (3.36)
where ∗0 = ∗[g0] is the Hodge operator on (M0, g0). Here
fs = fs(H) = exp(−qs(H)), (3.37)
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where qs(u) is a solution to Toda-like equations
q¨s = −Bs exp(
∑
s′∈S
Ass′q
s′), (3.38)
with Bs = KsεsQ
2
s, s ∈ S, and H = H(x) (x ∈ M0) is a harmonic function on
(M0, g
0). Vectors c = (cA) and c¯ = (c¯A) satisfy the linear constraints
Us(c) =
∑
i∈Is
dic
i − χsλasαcα = 0, Us(c¯) = 0, (3.39)
s ∈ S, and
c0 =
1
2− d0
n∑
j=1
djc
j , c¯0 =
1
2− d0
n∑
j=1
dj c¯
j . (3.40)
The zero-energy constraint reads
2ETL + hαβc
αcβ +
n∑
i=1
di(c
i)2 +
1
d0 − 2
(
n∑
i=1
dic
i
)2
= 0, (3.41)
where
ETL =
1
4
∑
s,s′∈S
hsAss′ q˙s ˙qs
′ +
∑
s∈S
As exp(
∑
s′∈S
Ass′q
s′), (3.42)
is an integration constant (energy) for the solutions from (3.38) andAs =
1
2εsQ
2
s.
We note that the equations (3.38) correspond to the Lagrangian
LTL =
1
4
∑
s,s′∈S
hsAss′ q˙s ˙qs
′ −
∑
s∈S
As exp(
∑
s′∈S
Ass′q
s′), (3.43)
where hs = K
−1
s .
Thus, the solution is presented by relations (3.33)-(3.37) with the functions
qs defined in (3.38) and the relations on the parameters of solutions cA, c¯A
(A = i, α, 0), imposed in (3.39), (3.40) and (3.41).
4 Classical and quantum cosmological-type so-
lutions
Here we consider the case d0 = 1,M0 = R, i.e. we are interesting in applications
to the sector with one-variable dependence. We consider the manifold
M = (u−, u+)×M1 × . . .×Mn (4.1)
with the metric
g = we2γ(u)du⊗ du+
n∑
i=1
e2φ
i(u)gˆi, (4.2)
where w = ±1, u is a distinguished coordinate which, by convention, will be
called “time”; (Mi, g
i) are oriented and connected Einstein spaces (see (2.3)),
i = 1, . . . , n. The functions γ, φi: (u−, u+)→ R are smooth.
Here we adopt the p-brane ansatz from Sect. 2. putting g0 = wdu ⊗ du.
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4.1 Lagrange dynamics
It follows from sect. 2.2 that the equations of motion and the Bianchi identi-
ties for the field configuration under consideration (with the restrictions from
subsect. 2.2.1 imposed) are equivalent to equations of motion for 1-dimensional
σ-model with the action
Sσ =
µ
2
∫
duN
{
Gij φ˙
iφ˙j+hαβϕ˙
αϕ˙β+
∑
s∈S
εs exp[−2Us(φ, ϕ)](Φ˙s)2−2N−2Vw(φ)
}
,
(4.3)
where x˙ ≡ dx/du,
Vw = −wV = −wΛe2γ0(φ) + w
2
n∑
i=1
ξidie
−2φi+2γ0(φ) (4.4)
is the potential with γ0(φ) ≡
∑n
i=1 diφ
i, and N = exp(γ0 − γ) > 0 is the
lapse function, Us = Us(φ, ϕ) are defined in (2.22), εs are defined in (2.24)
for s = (as, vs, Is) ∈ S, and Gij = diδij − didj are components of the ”pure
cosmological” minisupermetric, i, j = 1, . . . , n [29].
In the electric case (F (a,m,I) = 0) for finite internal space volumes Vi the
action (4.3) coincides with the action (1.1) if µ = −w/κ20, κ2 = κ20V1 . . . Vn.
Action (4.3) may be also written in the form
Sσ =
µ
2
∫
duN
{
GAˆBˆ(X)X˙AˆX˙Bˆ − 2N−2Vw
}
, (4.5)
where X = (XAˆ) = (φi, ϕα,Φs) ∈ RN , N = n+ l+ |S|, and minisupermetric G
is defined in (3.22).
Scalar products. The minisuperspace metric (3.22) may be also written
in the form G = Gˆ+∑s∈S εse−2Us(σ)dΦs ⊗ dΦs, where σ = (σA) = (φi, ϕα),
Gˆ = GˆABdσ
A ⊗ dσB = Gijdφi ⊗ dφj + hαβdϕα ⊗ dϕβ , (4.6)
is truncated minisupermetric and Us(σ) = UsAσ
A is defined in (2.22). The
potential (4.4) reads
Vw = (−wΛ)e2UΛ(σ) +
n∑
j=1
w
2
ξjdje
2Uj(σ), (4.7)
where
U j(σ) = U jAσ
A = −φj + γ0(φ), (U jA) = (−δji + di, 0), (4.8)
UΛ(σ) = UΛAσ
A = γ0(φ), (U
Λ
A) = (di, 0). (4.9)
The integrability of the Lagrange system (4.5) crucially depends upon the
scalar products of co-vectors UΛ, U j , Us (see (3.1)). These products are defined
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by (3.4) and the following relations [7]
(U i, U j) =
δij
dj
− 1, (4.10)
(U i, UΛ) = −1, (UΛ, UΛ) = −D − 1
D − 2 , (4.11)
(Us, U i) = −δiIs , (Us, UΛ) =
d(Is)
2−D, (4.12)
where s = (as, vs, Is) ∈ S; i, j = 1, . . . , n.
Toda-like representation. We put γ = γ0(φ), i.e. the harmonic time
gauge is considered. Integrating the Lagrange equations corresponding to Φs
(see (3.28)) we are led to the Lagrangian from (3.29) and the zero-energy con-
straint (3.31) with the modified potential
VQ = Vw +
1
2
∑
s∈S
εsQ
2
s exp[2U
s(σ)], (4.13)
where Vw is defined in (4.4).
4.2 Classical solutions with Λ = 0
Here we consider classical solutions with Λ = 0.
4.2.1 Solutions with Ricci-flat spaces
Let all spaces be Ricci-flat, i.e. ξ1 = . . . = ξn = 0.
Since H(u) = u is a harmonic function on (M0, g
0) with g0 = wdu ⊗ du we
get for the metric and scalar fields from (3.33), (3.34) [22]
g =
(∏
s∈S
f2d(Is)hs/(D−2)s
){
exp(2c0u+ 2c¯0)wdu ⊗ du (4.14)
+
n∑
i=1
(∏
s∈S
f
−2hsδiIs
s
)
exp(2ciu+ 2c¯i)gˆi
}
,
exp(ϕα) =
(∏
s∈S
f
hsχsλ
α
as
s
)
exp(cαu+ c¯α), (4.15)
α = 1, . . . , l, where fs = fs(u) = exp(−qs(u)) and qs(u) obey Toda-like equa-
tions (3.38).
Relations (3.40) and (3.41) take the form
c0 =
n∑
j=1
djc
j , c¯0 =
n∑
j=1
dj c¯
j , (4.16)
2ETL + hαβc
αcβ +
n∑
i=1
di(c
i)2 −
(
n∑
i=1
dic
i
)2
= 0, (4.17)
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with ETL from (3.42) and all other relations (e.g. constraints (3.39) and rela-
tions for forms (3.35) and (3.36) with H = u) are unchanged. In a special Am
Toda chain case this solution was considered previously in [19].
4.2.2 Solutions with one curved space
The cosmological solution with Ricci-flat spaces may be also modified to the
following case: ξ1 6= 0, ξ2 = . . . = ξn = 0, i.e. one space is curved and others
are Ricci-flat and 1 /∈ Is, s ∈ S, i.e. all “brane” submanifolds do not contain
M1.
The potential (3.30) is modified for ξ1 6= 0 as follows (see (4.13))
VQ =
1
2
∑
s∈S
εsQ
2
s exp[2U
s(σ)] +
1
2
wξ1d1 exp[2U
1(σ)], (4.18)
where U1(σ) is defined in (4.8) (d1 > 1).
For the scalar products we get from (4.10) and (4.12)
(U1, U1) =
1
d1
− 1 < 0, (U1, Us) = 0 (4.19)
for all s ∈ S. The solution in the case under consideration may be obtained by
a little modification of the solution from the previous section (using (4.19) and
relations U1i = −δi1/d1, U1α = 0). We get [22]
g =
(∏
s∈S
[fs(u)]
2d(Is)hs/(D−2)
){
[f1(u)]
2d1/(1−d1) exp(2c1u+ 2c¯1) (4.20)
×[wdu ⊗ du+ f21 (u)gˆ1] +
n∑
i=2
(∏
s∈S
[fs(u)]
−2hsδiIs
)
exp(2ciu+ 2c¯i)gˆi
}
.
exp(ϕα) =
(∏
s∈S
f
hsχsλ
α
as
s
)
exp(cαu+ c¯α), (4.21)
and F a =
∑
s∈S δ
a
asFs with forms
Fs = Qs
(∏
s′∈S
f
−Ass′
s′
)
du ∧ τ(Is), s ∈ Se, (4.22)
Fs = Qsτ(I¯s), s ∈ Sm (4.23)
Qs 6= 0, s ∈ S. Here fs = fs(u) = exp(−qs(u)) where qs(u) obeys Toda-like
equations (3.38) and
f1(u) = R sinh(
√
C1(u − u1)), C1 > 0, ξ1w > 0; (4.24)
R sin(
√
|C1|(u − u1)), C1 < 0, ξ1w > 0; (4.25)
R cosh(
√
C1(u − u1)), C1 > 0, ξ1w < 0; (4.26)
|ξ1(d1 − 1)|1/2 , C1 = 0, ξ1w > 0, (4.27)
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u1, C1 are constants and R = |ξ1(d1 − 1)/C1|1/2.
Vectors c = (cA) and c¯ = (c¯A) satisfy the linear constraints
U r(c) = U r(c¯) = 0, r = s, 1, (4.28)
(for r = s see (3.39)) and the zero-energy constraint
C1
d1
d1 − 1 = 2ETL + hαβc
αcβ +
n∑
i=2
di(c
i)2 +
1
d1 − 1
(
n∑
i=2
dic
i
)2
. (4.29)
Restriction 1 ( see subsect. 2.2.1) forbids certain intersections of two
p-branes with the same color index for n1 ≥ 2. Restriction 2 is satisfied
identically in this case.
This solution in a special case of Am Toda chain was obtained earlier in [19]
(see also [12]). For special sets of parameters one can get so-called S-brane and
flux-brane solutions [31, 32] (for pioneering flux-brane solution see also [15].)
4.2.3 Block-orthogonal solutions
Let us consider block-orthogonal case: (3.5), (3.6). In this case we get fs = f¯
bs
s
where bs = 2
∑
s′∈S A
ss′ , (Ass
′
) = (Ass′ )
−1 and
f¯s(u) = Rs sinh(
√
Cs(u− us)), Cs > 0, ηsεs < 0; (4.30)
Rs sin(
√
|Cs|(u− us)), Cs < 0, ηsεs < 0; (4.31)
Rs cosh(
√
Cs(u− us)), Cs > 0, ηsεs > 0; (4.32)
|Qs|
|νs| (u− us), Cs = 0, ηsεs < 0, (4.33)
where Rs = |Qs|/(|νs||Cs|1/2), ηsν2s = bshs, ηs = ±1, Cs, us are constants,
s ∈ S. The constants Cs, us are coinciding inside blocks: us = us′ , Cs = Cs′ ,
s, s′ ∈ Si, i = 1, . . . , k. The ratios εsQ2s/(bshs) are also coinciding inside blocks,
or, equivalently,
εsQ
2
s
bshs
=
εs′Q
2
s′
bs′hs′
, (4.34)
s, s′ ∈ Si, i = 1, . . . , k.
Here
ETL =
∑
s∈S
Csηsν
2
s . (4.35)
The solution (4.20)-(4.23) with block-orthogonal set of vectors was obtained
in [21] (for non-composite case see also [14]). In the special orthogonal case
when: |S1| = . . . = |Sk| = 1, the solution was obtained in [11].
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4.3 Quantum solutions
4.3.1 Wheeler–De Witt equation
Here we fix the gauge as follows
γ0 − γ = f(X), N = ef , (4.36)
where f : M→ R is a smooth function. Then we obtain the Lagrange system
with the Lagrangian
Lf =
µ
2
efGAˆBˆ(X)X˙AˆX˙Bˆ − µe−fVw (4.37)
and the energy constraint
Ef =
µ
2
efGAˆBˆ(X)X˙AˆX˙Bˆ + µe−fVw = 0. (4.38)
Using the standard prescriptions of (covariant and conformally covariant)
quantization (see, for example, [29]) we are led to the Wheeler-DeWitt (WDW)
equation
HˆfΨf ≡
(
− 1
2µ
∆
[
efG]+ a
µ
R
[
efG]+ e−fµVw
)
Ψf = 0, (4.39)
where a = aN = (N − 2)/8(N − 1) and N = n+ l + |S|.
Here Ψf = Ψf (X) is the so-called “wave function of the universe” corre-
sponding to the f -gauge (4.36) and satisfying the relation
Ψf = ebfΨf=0, b = (2−N)/2, (4.40)
(∆[G1] and R[G1] denote the Laplace-Beltrami operator and the scalar curvature
corresponding to G1, respectively).
Harmonic-time gauge The WDW equation (4.39) for f = 0
HˆΨ ≡
(
− 1
2µ
∆[G] + a
µ
R[G] + µVw
)
Ψ = 0, (4.41)
where
R[G] = −
∑
s∈S
(Us, Us)−
∑
s,s′∈S
(Us, Us
′
). (4.42)
and
∆[G] = eU(σ) ∂
∂σA
(
GˆABe−U(σ)
∂
∂σB
)
+
∑
s∈S
εse
2Us(σ)
(
∂
∂Φs
)2
, (4.43)
with U(σ) =
∑
s∈S U
s(σ).
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4.3.2 Solutions with one curved factor space and orthogonal Us
Here as in subsect. 4.2.2 we put Λ = 0, ξ1 6= 0, ξ2 = . . . = ξn = 0, and
1 /∈ Is, s ∈ S, i.e. the space M1 is curved and others are Ricci-flat and all
“brane” submanifolds do not contain M1. We also put orthogonality restriction
on the vectors Us: (Us, Us
′
) = 0 for s 6= s′ and Ks = (Us, Us) 6= 0 for all
s ∈ S. In this case the potential (4.7) reads Vw = 12wξ1d1e2U
1(σ). The truncated
minisuperspace metric (4.6) may be diagonalized by the linear transformation
zA = SABσ
B, (zA) = (z1, za, zs) as follows
Gˆ = −dz1 ⊗ dz1 +
∑
s∈S
ηsdz
s ⊗ dzs + dza ⊗ dzbηab, (4.44)
where a, b = 2, . . . , n + l − |S|; ηab = ηaaδab; ηaa = ±1, ηs = sign(Us, Us) and
q1z
1 = U1(σ), q1 ≡
√|(U1, U1)| = √1− d−11 , qszs = Us(σ), qs = ν−1s ≡√|(Us, Us)| s = (as, vs, Is) ∈ S.
We are seeking the solution to WDW equation (4.41) by the method of the
separation of variables, i.e. we put
Ψ∗(z) = Ψ1(z
1)
(∏
s∈S
Ψs(z
s)
)
eiPsΦ
s
eipaz
a
. (4.45)
It follows from the relation for the Laplace operator (4.43) that Ψ∗(z) satisfies
WDW equation (4.41) if{(
∂
∂z1
)2
+ µ2wξ1d1e
2q1z
1
}
Ψ1 = 2E1Ψ1; (4.46)
{
−ηseqszs ∂
∂zs
(
e−qsz
s ∂
∂zs
)
+ εsP
2
s e
2qsz
s
}
Ψs = 2EsΨs, (4.47)
s ∈ S, and
2E1 + ηabpapb + 2
∑
s∈S
Es + 2aR[G] = 0, (4.48)
where a = aN = (N−2)/8(N−1) andR[G] = −2
∑
s∈S(U
s, Us) = −2∑s∈S ηsq2s .
We obtain the following linearly independent solutions to (4.46) and (4.47),
respectively
Ψ1(z
1) = B1ω1
(√
−wµ2ξ1d1 e
q1z
1
q1
)
, (4.49)
Ψs(z
s) = eqsz
s/2Bsωs
(√
ηsεsP 2s
eqsz
s
qs
)
, (4.50)
where ω1 =
√
2E1/q1, ωs =
√
1
4 − 2ηsEsν2s , s ∈ S, and B1ω, Bsω = Iω,Kω are the
modified Bessel function.
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The general solution to the WDW equation (4.41) is a superposition of the
”separated” solutions (4.45):
Ψ(z) =
∑
B
∫
dpdPdEC(p, P, E , B)Ψ∗(z|p, P, E , B), (4.51)
where p = (pa), P = (Ps), E = (Es, E1), B = (B1, Bs), B1, Bs = I,K; and
Ψ∗ = Ψ∗(z|p, P, E , B) is given by relation (4.45), (4.49)–(4.50) with E1 from
(4.48). Here C(p, P, E , B) are smooth enough functions.
Solution with n Ricci-flat spaces. In the case ξ1 = 0 the solution to
WDW equation is given by the following modification of the relation (4.45) and
(4.48), respectively
Ψ∗(z) =
(∏
s∈S
Ψs(z
s)
)
eiPsΦ
s
eipaz
a
, (4.52)
ηabpapb + 2
∑
s∈S
Es + 2aR[G] = 0, (4.53)
where here a, b = 1, . . . , n+ l − |S|. In this case (4.44) should be also modified
Gˆ =
∑
s∈S
ηsdz
s ⊗ dzs + dza ⊗ dzbηab, (4.54)
(with a, b = 1, . . . , n+ l−|S|). Here restriction 1 /∈ Is, s ∈ S, should be removed
and z1 is not obviously related to U1.
4.4 Spherically-symmetric solutions with a horizon
Here we consider the spherically-symmetric case of the metric (4.20), i.e. we put
w = 1, M1 = S
d1 , g1 = dΩ2d1 , where dΩ
2
d1
is the canonical metric on a unit
sphere Sd1 , d1 ≥ 2. In this case ξ1 = d1 − 1. We put M2 = R, g2 = −dt ⊗ dt,
i.e. M2 is a time manifold. We also assume that Ks = (U
s, Us) 6= 0, s ∈ S, and
det((Us, Us
′
)) 6= 0. (4.55)
We put C1 ≥ 0. When the matrix (hαβ) is positive definite and
2 ∈ Is, ∀s ∈ S, (4.56)
i. e. all p-branes have a common time direction t, the horizon condition (of
infinite time of light propagation) singles out the unique solution with C1 > 0
and linear asymptotics at infinity qs = −βsu+ β¯s+o(1), u→ +∞, where βs, β¯s
are constants, s ∈ S, [25, 26].
The solutions with horizon have the following form [24, 25, 26]
g =
(∏
s∈S
H2hsd(Is)/(D−2)s
){(
1− 2µ
Rd¯
)−1
dR⊗ dR+R2dΩ2d1 (4.57)
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−
(∏
s∈S
H−2hss
)(
1− 2µ
Rd¯
)
dt⊗ dt+
n∑
i=3
(∏
s∈S
H
−2hsδiIs
s
)
gˆi
}
,
exp(ϕα) =
∏
s∈S
H
hsχsλ
α
as
s , (4.58)
where F a =
∑
s∈S δ
a
asFs, and
Fs = − Qs
Rd1
(∏
s′∈S
H
−Ass′
s′
)
dR ∧ τ(Is), (4.59)
s ∈ Se,
Fs = Qsτ(I¯s), (4.60)
s ∈ Sm. Here Qs 6= 0, hs = K−1s , s ∈ S, and the quasi-Cartan matrix (Ass′) is
non-degenerate.
Functions Hs obey the following differential equations
d
dz
(
(1− 2µz)
Hs
d
dz
Hs
)
= B¯s
∏
s′∈S
H
−Ass′
s′ , (4.61)
where Hs(z) > 0, µ > 0, z = R
−d¯ ∈ (0, (2µ)−1) and
B¯s = εsKsQ
2
s/d¯
2 6= 0 equipped with the boundary conditions
Hs((2µ)
−1 − 0) = Hs0 ∈ (0,+∞), (4.62)
Hs(+0) = 1, (4.63)
s ∈ S.
Equations (4.61) are equivalent to Toda-like equations. The first boundary
condition leads to a regular horizon at Rd¯ = 2µ. The second condition (4.63)
guarantees the asymptotical flatness (for R→ +∞) of the (2 + d1)-dimensional
section of the metric.
There exist solutions to eqs. (4.61)-(4.63) of polynomial type. The simplest
example occurs in orthogonal case [8, 9, 11, 10]: (Us, Us
′
) = 0, for s 6= s′,
s, s′ ∈ S. In this case (Ass′ ) = diag(2, . . . , 2) is a Cartan matrix for semisimple
Lie algebra A1 ⊕ . . .⊕A1 and
Hs(z) = 1 + Psz, (4.64)
with Ps 6= 0, satisfying
Ps(Ps + 2µ) = −B¯s, (4.65)
s ∈ S.
In [14, 20] this solution was generalized to a block-orthogonal case (3.5),
(3.6). In this case (4.64) is modified as follows
Hs(z) = (1 + Psz)
bs , (4.66)
18
where bs = 2
∑
s′∈S A
ss′ and parameters Ps and are coinciding inside blocks,
i.e. Ps = Ps′ for s, s
′ ∈ Si, i = 1, . . . , k. Parameters Ps 6= 0 satisfy the relations
Ps(Ps + 2µ) = −B¯s/bs, (4.67)
bs 6= 0, and parameters B¯s/bs are also coinciding inside blocks.
Conjecture. Let (Ass′ ) be a Cartan matrix for a semisimple finite-dimensional
Lie algebra G. Then the solution to eqs. (4.61)-(4.63) (if exists) is a polynomial
Hs(z) = 1 +
ns∑
k=1
P (k)s z
k, (4.68)
where P
(k)
s are constants, k = 1, . . . , ns; ns = bs = 2
∑
s′∈S A
ss′ ∈ N and
P
(ns)
s 6= 0, s ∈ S.
In this case all powers ns are natural numbers coinciding with the com-
ponents of twice the dual Weyl vector in the basis of simple coroots [23]. In
extremal case (µ = +0) an a analogue of this conjecture was suggested previ-
ously in [12]. Conjecture 1 was verified for Am and Cm+1 series of Lie algebras
in [25, 26]. Explicit relations for C2 and A3 algebras were obtained in [33] and
[34], respectively.
5 Billiard representation near the singularity
It was found in that [36] the cosmological models with p-branes may have a
“never ending” oscillating behaviour near the cosmological singularity as it takes
place in Bianchi-IX model [35]. Remarkably, this oscillating behaviour may be
described using the so-called billiard representation near the singularity. In
[36] the billiard representation for a cosmological model with a set of electro-
magnetic composite p-branes in a theory with the action (1.1) was obtained (see
also [37, 38] and references therein).
In terms of the Kasner parameters α = (αA) = (αi, αγ), satisfying relations
n∑
i=1
diα
i =
n∑
i=1
di(α
i)2 + αβαγhβγ = 1, (5.1)
the existence of never ending oscillating behaviour near the singularity takes
place if for any α there exists s ∈ S such that (Us, Us) > 0 and
Us(α) = UsAα
A =
∑
i∈Is
diα
i − χsλasγαγ ≤ 0 (5.2)
[36]. Thus, U -vectors play a key role in determination of possible oscillating
behaviour near the singularity. In [36] the relations (5.2) were also interpreted
in terms of illumination of a (Kasner) sphere by point-like sources.
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General “collision law”. The set of Kasner parameters (α
′A) after the
collision with the s-th wall (s ∈ S) is defined by the Kasner set before the
collision (αA) according to the following formula
α
′A =
αA − 2Us(α)UsA(Us, Us)−1
1− 2Us(α)(Us, UΛ)(Us, Us)−1 , (5.3)
where UsA = G¯ABUsB, U
s(α) = UsAα
A and co-vector UΛ is defined in (4.9).
The formula (5.3) follows just from the reflection “law”
v
′A = vA − 2Us(v)UsA(Us, Us)−1, (5.4)
for Kasner free “motion”: σA = vAt+σA0 , (t is harmonic time) and the definition
of Kasner parameters: αA = vA/UΛ(v). In the special case of one scalar field
and 1-dimensional factor-spaces (i.e. l = di = 1) this formula was suggested
earlier in [37].
6 Conclusions
Here we considered several rather general families of exact solutions in multidi-
mensional gravity with a set of scalar fields and fields of forms. These solutions
describe composite (non-localized) electromagnetic p-branes defined on products
of Ricci-flat (or sometimes Einstein) spaces of arbitrary signatures. The metrics
are block-diagonal and all scale factors, scalar fields and fields of forms depend
on points of some (mainly Ricci-flat) manifold M0. The solutions include those
depending upon harmonic functions, cosmological and spherically-symmetric
solutions (e.g. black-brane ones). Our scheme is based on the sigma-model
representation obtained in [7].
Here we considered also the Wheeler-DeWitt equation for p-brane cosmology
in d’Alembertian (covariant) and conformally covariant form and integrated it
for orthogonal U -vectors (and n− 1
Ricci-flat internal spaces). We also overviewed general classes of ”cosmo-
logical” and spherically symmetric solutions governed by Toda-type equations,
e.g. black brane ones. An interesting point here is the appearance of polynomi-
als for black brane solutions when brane intersections are governed by Cartan
matrices of finite-dimensional simple Lie algebras [24]. It should be noted that
post-Newtonian parameters corresponding to certain 4-dimensional section of
metrics were calculated in [20, 25].
Another topic of interest appearing here is the possible oscillating behaviour
in the models with p-branes, that has a description by billiards in hyperbolic
(Lobachevsky) spaces [36].
Acknowledgments
This work was supported in part by the DFG grant 436 RUS 113/236/O(R),
by the Russian Ministry of Science and Technology and Russian Foundation for
Basic Research grant. The author thanks Prof. V. de Sabbata and his colleagues
for kind hospitality during the School in Erice (in May 2003).
20
References
[1] K.S. Stelle, Lectures on supergravity p-branes, hep-th/9701088.
[2] V.D. Ivashchuk and V.N. Melnikov, Exact solutions in multidimensional gravity
with antisymmetric forms, topical review, Class. Quantum Grav. 18, R82-R157
(2001); hep-th/0110274.
[3] H. Lu¨ and C.N. Pope, SL(N + 1, R) Toda solitons in supergravities,
hep-th/9607027; Int. J. Mod. Phys. A 12, 2061 -2074 (1997).
[4] V.D. Ivashchuk and V.N. Melnikov, Intersecting p-Brane Solutions in Multidi-
mensional Gravity and M-Theory, hep-th/9612089; Grav. and Cosmol. 2, No 4,
297-305 (1996).
[5] V.D. Ivashchuk and V.N. Melnikov, Phys. Lett. B 403, 23-30 (1997).
[6] I.Ya. Aref’eva and O.A. Rytchkov, Incidence Matrix Description of Intersecting
p-brane Solutions, hep-th/9612236.
[7] V.D. Ivashchuk and V.N. Melnikov, Sigma-model for the Generalized Composite
p-branes, hep-th/9705036; Class. Quantum Grav. 14, 3001-3029 (1997); Corri-
genda ibid. 15 (12), 3941 (1998).
[8] I.Ya. Aref’eva, M.G. Ivanov and I.V. Volovich, Non-extremal intersecting p-branes
in various dimensions, hep-th/9702079; Phys. Lett. B 406, 44-48 (1997).
[9] N. Ohta, Intersection rules for non-extreme p-branes, hep-th/9702164; Phys. Lett.
B 403, 218-224 (1997).
[10] K.A. Bronnikov, V.D. Ivashchuk and V.N. Melnikov, The Reissner-Nordstro¨m
Problem for Intersecting Electric and Magnetic p-Branes, gr-qc/9710054; Grav.
and Cosmol. 3, No 3 (11), 203-212 (1997).
[11] V.D. Ivashchuk and V.N. Melnikov, Multidimensional classical and quantum cos-
mology with intersecting p-branes, hep-th/9708157; J. Math. Phys., 39, 2866-2889
(1998).
[12] H. Lu¨, J. Maharana, S. Mukherji and C.N. Pope, Cosmological Solutions, p-
branes and the Wheeler De Witt Equation, hep-th/9707182; Phys. Rev. D 57
2219-2229 (1997).
[13] V.D. Ivashchuk and V.N. Melnikov, Madjumdar-Papapetrou Type Solutions in
Sigma-model and Intersecting p-branes, Class. Quantum Grav. 16, 849 (1999);
hep-th/9802121.
[14] K.A. Bronnikov, Block-orthogonal Brane systems, Black Holes and Wormholes,
hep-th/9710207; Grav. and Cosmol. 4, No 1 (13), 49 (1998).
[15] D.V. Gal’tsov and O.A. Rytchkov, Generating Branes via Sigma models,
hep-th/9801180; Phys. Rev. D 58, 122001 (1998).
[16] M.A. Grebeniuk and V.D. Ivashchuk, Sigma-model solutions and intersecting p-
branes related to Lie algebras, hep-th/9805113; Phys. Lett. B 442, 125-135
(1998).
[17] V.D. Ivashchuk, On symmetries of Target Space for σ-model of p-brane Origin,
hep-th/9804102; Grav. and Cosmol., 4, 3(15), 217-220 (1998).
[18] V.D. Ivashchuk, On supersymmetric solutions in D = 11 supergravity on product
of Ricci-flat spaces, hep-th/0012263; Grav. Cosmol. 6, No. 4(24), 344-350 (2000);
hep-th/0012263.
21
[19] V.R. Gavrilov and V.N. Melnikov, Toda Chains with Type Am Lie Al-
gebra for Multidimensional Classical Cosmology with Intersecting p-branes;
hep-th/9807004.
[20] V.D. Ivashchuk and V.N.Melnikov. Multidimensional cosmological and spherically
symmetric solutions with intersecting p-branes; gr-qc/9901001.
[21] V.D. Ivashchuk and V.N.Melnikov, Cosmological and Spherically Symmetric So-
lutions with Intersecting p-branes. J. Math. Phys., 1999, 40 (12), 6558-6576.
[22] V.D.Ivashchuk and S.-W. Kim. Solutions with intersecting p-branes related to
Toda chains, J. Math. Phys., 41 (1) 444-460 (2000); hep-th/9907019.
[23] J. Fuchs and C. Schweigert, Symmetries, Lie algebras and Representations. A
graduate course for physicists (Cambridge University Press, Cambridge, 1997).
[24] V.D.Ivashchuk and V.N.Melnikov. P-brane black Holes for General Intersections.
Grav. and Cosmol. 5, No 4 (20), 313-318 (1999); gr-qc/0002085.
[25] V.D.Ivashchuk and V.N.Melnikov, Black hole p-brane solutions for general inter-
section rules. Grav. and Cosmol. 6, No 1 (21), 27-40 (2000); hep-th/9910041.
[26] V.D.Ivashchuk and V.N.Melnikov, Toda p-brane black holes and polynomi-
als related to Lie algebras. Class. and Quantum Gravity 17 2073-2092 (2000);
math-ph/0002048.
[27] G. Neugebauer and D. Kramer, Ann. der Physik (Leipzig) 24, 62 (1969).
[28] D. Kramer, H. Stephani, M. MacCallum, and E. Herlt, Ed. Schmutzer, Exact
solutions of the Einstein field equations, Deutscher Verlag der Wissenshaften,
Berlin, 1980.
[29] V.D. Ivashchuk, V.N. Melnikov and A.I. Zhuk, Nuovo Cimento B 104, 575
(1989).
[30] K.A. Bronnikov and V.N. Melnikov, p-Brane Black Holes as Stability Islands,
Nucl. Phys. B 584, 436-458 (2000).
[31] V.D. Ivashchuk, Composite S-brane solutions related to Toda-type systems, Class.
Quantum Grav. 20, 261-276 (2003); hep-th/0208101.
[32] V.D. Ivashchuk, Composite fluxbranes with general intersections, Class. Quantum
Grav., 19, 3033-3048 (2002); hep-th/0202022.
[33] M.A. Grebeniuk, V.D. Ivashchuk and S.-W. Kim, Black-brane solutions for C2
algebra, J. Math. Phys. 43, 6016-6023 (2002); hep-th/0111219.
[34] M.A. Grebeniuk, V.D. Ivashchuk and V.N. Melnikov Black-brane solution for A3
algebra, Phys. Lett. , B 543, 98-106 (2002); hep-th/0208083.
[35] V.A. Belinskii, E.M. Lifshitz and I.M. Khalatnikov, Usp. Fiz. Nauk 102, 463
(1970) [in Russian]; Adv. Phys. 31, 639 (1982).
[36] V.D. Ivashchuk and V.N. Melnikov, Billiard representation for multidimensional
cosmology with intersecting p-branes near the singularity. J. Math. Phys., 41, No
8, 6341-6363 (2000); hep-th/9904077.
[37] T. Damour and M. Henneaux, Chaos in Superstring Cosmology, Phys. Rev. Lett.
85, 920-923 (2000); hep-th/0003139
[38] T. Damour, M. Henneaux and H. Nicolai, Cosmological billiards, topical review,
Class. Quantum Grav. 20, R145-R200 (2003); hep-th/0212256.
22
